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Abstract 

We consider a 2 x 2 system of parabolic equations with first and zeroth coupling and establish 
a Carleman estimate by extra data of only one component without data of initial values. Then we 
apply the Carleman estimate to inverse problems of determining some or all of the coefficients 
by observations in an arbitrary subdomain over a time interval of only one component and 
data of two components at a fixed positive time 6 over the whole spatial domain. The main 
results are Lipschitz stability estimates for the inverse problems. For the Lipschitz stability, 
we have to assume some non-degeneracy condition at 6 for the two components and for it, 
we can approximately control the two components of the 2x2 system by inputs to only one 
component. Such approximate controllability is proved also by our new Carleman estimate. 
Finally we establish a Carleman estimate for a 3 x 3 system for parabolic equations with coupling 
of zeroth-order terms by one component to show the corresponding approximate controllability 
with a control to one component. 

1 Introduction and notations 

This article is devoted to the question of the identification of coefficients for a reaction diffusion 
convection system of two equations in a bounded domain, with the main particularity that we 
observe only one component of the system. Let U C R" be a bounded connected open set with 
C^-boundary dU, and we set x = {xi, ...,Xn) £ R", dj = 1 < j < n, 9t = ^, V = {di, 
A = X;j=i d]. For any fixed T > 0, we set = ^ x (0, T), St = 50 x (0, T) and we consider the 



2 



following 2x2 reaction-difFusion-convection system : 

dtU = MJ + aU + hV ^A-VU + in J^t, 

= Ay + ctZ + dF + C- VC/ + L»- + 5 in f^T, 

(1.1) 

U = hi, V = h2 on St, 

Ui;0) = Uo,V{;0) = Vo in n, 

where a, b, c, d are scalar functions and A, B, C, D vectorial fields both defined on CI. The boundary 
condition hi as well as /, g shall be kept fixed. If we change the reaction coefficients b, c into b, c, 
we let {U,V) be the solution of (1.1) associated to b,c and {Uo,Vo) for the initial condition. Let 
(J C be a non-empty subdomain and T > 0. We assume that we can measure both 

^^la;x(o,r) and (J7, F)|nx{e}- 

at a time 9 G (0,r). 

We set LOT = OJ X (0,T). For m G N, 1 < p < oo, by VF™'?'(Q) and LP{0,T;X) we denote the 
classical Sobolev space with the norm || • ||vK"'.p(n)) and the space of X-valued p-Bochner integrable 
functions respectively (e.g., [1]). As usual we write W^'P{n) = LP{n) and i/™(f)) = IV^^^in) for 
m G N. We define a Banach space 

m — 

' 2 {rir) = {u : n X {0,T) ^ R; d^dt"+^u G L^inr), for \a\ + 2a„+i < m}, 
with the norm 

|a|+2a„+i<m 

Here a = (ai, . . . , a„) is a multi-index, |a| = ai + - ■ • + a„, (?" = • • • 5^", and the diflFerentiation 
is to be understood in the weak sense. Let M be an arbitrary positive constant. We denote by u 
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the outward unit normal to Q and by Bx{0,r) the closed ball of a metric space X centered on 
of radius r. 

We pose the following assumptions. 

Assumption 1.1 (a) a, 6, 6, c, c, d G i?j;,oo(n)(0, M), 

(b) A,B,C,D eBLo.^^)„{0,M), 

(c) CO G O, satisfies dui PI dQ = 7 and \ j\ 7^ 0, and u is of class C"^ , 

(d) \B{x)-v{x)\i-Q, xe^, 

(e) B e C2(aJ)", A e C^ipY and b e C^iU), 

(f) > ^0 on with some constant 5q > 0, 
(gJWUWcin^), \\V\\c^a^^<M, 

(h) rilc3(c.^), ||t^||c3(c.^) < M. 

If the functions and the coefficients appearing in (1.1) satisfy sufficient smoothness and compati- 
bility conditions, then Assumption 1.1 (g) and (h) are satisfied. By Ladyzenskaja, Solonnikov and 
Ural'ceva [27] for example, we can describe such conditions, but we are interested mainly in the 
inverse problem and we will not exploit these conditions. 

Our first main result is the stability in determining the reaction coefficients 6, c : 

Theorem 1.2 Let 9 G (0,r) he fixed. We suppose that Assumption 1.1 is satisfied and that 
{U,V){-,9) = {U,V){-,6) in il. Then there exists a constant k> such that 

\\b - b\\L^a) + ||c - c||i2(n) < {\\dt{U - + \\U - UW^^a^^^^) (1-2) 
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The key ingredient to these stabihty results is a global Carleman estimate for system (1.1). 

Since the pioneer work of Bukhgeim-Khbanov [7] , Carleman estimates have been successfully used 
for the following problems: 

(i) the uniqueness and the stability in determining coefficients: Especially for parabolic equations, 
see Benabdallah, Dermenjian and Le Rousseau [5], Benabdallah, Gaitan and Le Rousseau [6], 
Imanuvilov and Yamamoto [15], [17], Imanuvilov, Puel and Yamamoto [19], Isakov [21], Klibanov 
[23], [24] Klibanov and Timonov [26], Yuan and Yamamoto [32] and the references therein. For 
hyperbolic problems, among many works, we restrict ourselves to a few works such as Imanuvilov 
and Yamamoto [16], Isakov [20], [21], Klibanov [23], Klibanov and Timonov [26] and see the refer- 
ences also in Isakov [21] and Klibanov and Timonov [26]. 

(ii) observability inequalities and related estimates: see Fursikov and Imanuvilov [9], Imanuvilov 
[14], Isakov [20], [21], Kazemi and Klibanov [22], Klibanov and Malinsky [25]. Furthermore the 
exact controllability of linear systems is equivalent to the observability of the corresponding ad- 
joint system and we can refer to [9], [14]. Imanuvilov and Yamamoto [17] discuss the global exact 
zero controllability for a semilinear parabolic equation. Also see Ammar-Khodja, Benabdallah and 
Dupaix [2], and Ammar-Khodja, Benabdallah, Dupaix and Kostine [3], [4], Gonzalez-Burgos and 
Perez-Garcia [12] for semilinear parabolic systems. 

Apart from the last previous works quoted, the existing Carleman estimates require observations 
of all the components when we will discuss inverse problems for a system such as (1.1). It is very 
desirable to establish the stability for inverse problems for a 2 x 2 parabolic system by means of only 
one component, because for a reaction-diffusion system it may be frequently difficult to observe the 
both components. There are not many papers devoted to such inverse problems for 2 x 2 parabolic 
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systems, and we can refer, for instance, to Cristofol, Gaitan and Ramoul [8]. 

The article is organized as follows. In Section 2 we derive a new Carleman estimate for system (1.1). 
In Section 3 we prove the stability result. In Section 4 we will remove Assumption 1.1 (f) on 
positivity of U,V at a time 9 > 0. Section 5 is devoted to some comments and open problems. The 
appendices provide technical proofs of lemmata stated in Sections 2 and 4. We want to point that 
the Carleman estimate proved in Section 2 implies a new approximate controllability result for a 
2x2 reaction-diffusion-convection system with one localized control. As it will be seen in Section 5, 
this result can be extended to a 3 x 3 reaction- diffusion system. 



2 Carleman estimate 

2.1 A Carleman estimate for a 2 x 2 system by extra data of one compoment 

Let {aij)i<ij<2 e L°°(J^t) and (Aj)i<i,j<2 e L°°(Ot)". Let uo,vo e L'^in) and f,g e L'^iUr). 
Consider the following reaction-diffusion system with convection terms : 

dtu = Au + ail u + o,i2 V + An ■ Vu + A12 ■ Vv + f in Qt, 
dtv = Av + a2i u + a22 v + A21 ■ Vu + A22 -Vv + g in fiy, 

(2.3) 

u = V = on St, 

u{-,0) = uq, v{-,0) = vq in ri. 

Uniqueness existence and stability results in solving an initial value-boundary value problem (2.3) 
can be proved by the semigroup theory for example (e.g., [27], Pazy [30], Tanabe [31]). In particular 
it admits a unique solution {u,v) e C{[0,T]; L'^{n)f D L^{0,T;H^{n)f. 

Our main interest is to derive a Carleman estimate of {u, v) solution of (2.3) by solely observing u 
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in a; X (0,T). We make the following main assumptions : 

Assumption 2.1 (a) Let oj <Z0. with duj PI dO, = 7 and I7I 7^ 0. 
(h) |Ai2(x, t) ■ u{x)\ 7^ 0, (x, t) G 7T, with jT = -fX (0, T), 

fcj ||>li2||c2(uJ5T)n, ||ai2||c2(uJ5^)7 ll^ii llci(a^)" ^ where M > is an arbitrarily fixed constant. 

In the sequel k will denote a generic constant and their values may change from a line to others. 
The dependence of k on s will be specified. 

In this section, we prove: 

Theorem 2.2 Let r > 1 and u> C Q be a subdomain such that tJ C 0. Under Assumption 2.1, 
there exist G C^(0) with a^i > on ^ and two positive constants sq and k which depend on 
T,M,^l, Lo, T and the L°° -norms ofaij,Aij, such that there exist positive constants ki{s,t) and k 
such that the following Carleman estimate holds 

[ {spy~^e-^'^-{\dtuf + \dtvf + \Auf + lAvf + (spflVuf + (spflVvf + + {sp)''\vf) 

< K^{s,r){\\uf^,,,^^^^ + + K J^^{spre-'^^-{\f\' + \gf) 

for all s > So and any solution {u,v) to (2.3). Here we set 

This is a Carleman estimate for a 2 x 2 system with extra data in ut of only one component. In 
[2] and [8], it is assumed that An = A12 = 0. In that case, the proof can be completed by directly 
substituting v by means of u in lot- By the first-order coupling, we extra need Assumption 2.1 (a) 
and (b). 
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Proof of Theorem 2.2 First we prove 

Lemma 2.3 Let u) dO, he a subdomain and dui fl dO, = 7. We consider 

n 

^Pj{x,t)dju{x,t) + q{x,t)u{x,t) = f{x,t), xGluC^I, 0<t<T. (2.5) 

Here Pj,q E L°°{0,T; C^{Q,)) for I < j <n. We setp = {pi, ...,Pn) and let iy(x) = {ui{x), f„(a;)) 
be the unit outward normal vector to du at x. We assume that 

\p{x, t) ■ iy{x) \^0, xej,0<t<T. (2.6) 

Let u = u{x, t) satisfy (2.5) and u|-yx(o,T) = 0. Then there exist a subdomain to' Cto and a constant 
K > 0, which is dependent on p and q and independent of f , such that 

II^IIl2K) < ^II/IIlzCo;^)- 



Proof of Lemma 2.3. We set x = (xi, ...,x„) = {x' ,Xn) and y = {yi, ...,yn) = {y'^Un)- Without 
loss of generality, we can assume that 

U = {{x',Xn); h{x') < Xn < hi{x'), \x'\ < p} 

and 7 = {{x',Xn)', Xn = hi{x'), \x'\ < p}. Here p > is sufficiently small and h,hi G C^({|x'| < p}) 
satisfy h = hi on {\x'\ = p}. We change independent variables y' = x' and yn = Xn — h{x'). Then 
u is transformed to 

^ = {{y\yn); 0<yn<{hi- h){x'), \y'\ < p}. 
Set u{y,t) = u{x,t), p{y,t) = p{x,t), q{y,t) = q{x,t), f{y,t) = fix,t), fi = {(y',0); \y'\ < p} and 
f 2 = {{y', yn); yn = {hi - h){y'), \y'\ < p}. Then = f 1 U f 2, 

n— 1 

{Pu)iy,t) = J2p,{y,t)^{y,t) 

j=i 
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where 



+fiy,t)-^iy,t) + q{y,t)u{y,t) = fiy,t), ye{v,0<t<T (2.7) 



dh 



'iy,t) =Pn{y,t) - ^Pj{y,t)-^{y,t), 

3=1 



and 



«(y , t) = 0, y„ = {hi - h){y'), \y'\ <p,0<t<T. (2.8) 

Moerover z/(x) is parallel to {dih{x'), ....,dn-ih{x'),—l) on {(x',a;„); a;„ = h{x'), \x'\ < p}. There- 
fore, in terms of (2.6), without loss of generality, we can assume that there exists a constant ^ > 
such that r{y', 0, t) > 2S for \y'\ < p and <t <T. We choose p > sufficiently small, so that 

f{y, t)>S, yeij,0<t<T. (2.9) 

Let i>(j/) = (t'i(y), ...,1'niy)) be the unit outward normal vector to du at y. Then £'(y) is parallel 
to (0, ...,0, -1) for y G fi and to (-fcM(y'), -^^(j/'), l) for y G f 2. 

Hence, by choosing hi, h such that \\hi — h\\ci-{{\y'\<p}) is sufficiently small if necessary, by (2.9) we 
have 

fi c {y G dCo; Pj{y,t)ujiy) + r{y,t)i>n{y) < o} (2.10) 

and 



u 



i;t)=0 onf2, t2c\yedCj;J2pj{y,t)i>jiy)+r{y,t)Dn{y)>0\. (2.11) 



For the proof of the lemma, it suffices to prove a Carleman estimate for (2.5), whose proof is similar 
for example to Lemma 3.2 in [18]. We set 



n—l o~ 

ou , , , an 



Pqu = Pu-qu = ^Pj{y,t) — {y,t) + r{y,t) — {y,t), 
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w = w{-,t) = u{-,t)e^y^ and Qw = e^y^Po{e-^y^w). Then 

Qw = Pqw — sf{y, t)w. 
We arbitrarily fix t G [0,T]. Hence by integration by parts and (2.8) - (2.11) we obtain 



/ \Pou\^e'''y"dy = I \Qw\''dy 




Henceforth kj > depends on maxi<j<„ Hence we have 

/ m^e^'y^dy < K2 I \PQu\^e'^'y"dy 

J(jj J Co 

for all large s > 0. Since 

/ \PQufe^'y'^dy < 2 / \Pufe^'y-dy^2 f \qufe^'y-dy 

Jul Jlx) Joj 

< 2 £ l/fe^^f-dy + 2||g||^(^) £ lufe'^y^^dy, 
by choosing s large such that ^ — 2||g||^^j^^ > we have 

[ \u\^e^'y-dy < K3 / \ f\^e^'y-dy 

JCj Jul 

for all large s > 0. Since 1 < e^^f" < e^**** for y e a; where K4 = \\hi — h\\c({\y'\<p})i ^r ah 
large s > 0, we fix s > large and we have ||ti(-, i)lli-2(iZi) ^ '^5||/(') 0IIl2(iZi)- By integrating over 
t G (0,r), the proof of Lemma 2.3 is completed. 
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By (2.3), we have 

Ai4 ■ Vv + 012^^ = dfU — Au + ail u + Ai^ .Vn + / in ut 

and 

■y = on X (0,r). 

In terms of Assumption 2.1 (b), we apply Lemma 2.3 so that we can choose a subdomain w' C f2 
such that 

By [9] and [14], for u;', there exist (i^^i G C^(0) with /?^,/ > on O and two positive constants sq 
and K, which depend on T, w', r and L°° norms of ajj, Aj^, such that for all s > sq, there exist 
positive constants Ki(s,r) and n such that 



/ {spy-^e-'''^^'{\dtu\^ + |A^x|2 + {spf\Vu\^ + {sp) 
<K [ {spYe-^'^^' \ai2V + Ai2 ■Vv + f\'^ + K [ {spf 



and 



/ {spy-^e-'^''^'^'{\dtv\^ + \Av\^ + {spf\Vv\^ + {spf\v\'^) 
<K 1 {spYe-'^^"-'' \a21u + A21 -Vu + gl^ + K I (sp) 



T+3g-2sj7^,|^|2 



for all large s > 0. Here and henceforth we set fj^i{x,t) = j^^- Adding them and choosing s > 
sufficiently large to absorb the terms of u, v, Vu, Vv on the right hand side into the left hand side. 
Hence 

/ {spy-^e-^'^^'{\dtuf + \dtvf + |A«p + \Av\'' + (spflVuf + (spflVvf + isp)^\uf + {sp)''\vf) 
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<K [ {spYe-^'"^' {\ff + \gf) + K[ {spy +^3-^'"^' {\uf + \v\^) 
for all large s > 0. Moreover we have \{spy'^^e~^^'^'^'\ < K2{s,t) on JIt by P^^r > on Hence 

{spr+'e-'^^^'{\u\' + \v\') < K2{s,r){\\n\\l,^^, ^ + Iblll^K))- 

J (jJrp 

Apply Lemma 2.3, set a^^ = f3^^i and note by cj' C a; that |b||?„2i, , x < IkllLai/ Then the 
proof of Theorem 2.2 is completed. 

3 Proof of Theorem 1.2 

Let us recall that (U, V) satisfie (1.1) and (C/, V) system (1.1) with 6, c, Uq, Vq replaced by 6, c, C/q, Vq 
respectively. 

We set 

u = U-U, v = V-V. 

Then {u,v) satisfies 

dtu = Au + au + bv + A-Vu + B ■Vv + {b - b)V, 

dtv = Av + cu + dv + C ■ Vu + D ■ Vv + {c - c)U in fir, 
u = V = on T,T 

and 

u{;9) =v{;e) = inn. 

By Assumption 1.1, we can assume that \U{x,t)\, \V{x,t)\ / for all {x,t) G Qt by taking T > 
sufhciently small if necessary. Moreover we can assume that 6 = ^. Because we take small S > 
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such that 0<9-S <9 <e + 5 <T and we can replace lo x {0,T) hy cj x {9 - 6,9 + S). Shifting t 

hy t — {9 — 6), we can set 9 = 5 and T = 26. 



Setting 



we have 



where 



and 



^ u ^ V ~ 

u=—, v = —, t = o—o, q = c — c, 



dfU = Au + aiiu + ai2V + Ai^ ■ Vu + A14 ■ Vv + f in $7^, (3.13) 
dfV = Av + a2iu + a22V + A23 ■ Vu + A24 ■ Vv + g in $7^, (3-14) 



dtV AV ^ VV ,U ^ VU 

an = a — + + A ■ ai2 = 0— + B ■ 

V V V V V 

^13 = ^ + 



V ' 

Au{x,t) = B^{x,t) = B{x)W{x,t), 

V ^VV , dtU AU ^ VU 

a2i = c— + C^^, a22 = a — + + D ■ 

U U U U U 



r.^ A ^ 2VC/ 

^23 = C'^, yl24 = £) + -^. 

Let 

y = dtu, z = dtv. 
Since b, c, b, c are independent of t, we obtain 

dty = Ay + any + ai2Z + Ais ■ Vy + Au ■ Vz 

+(ataii)S + {dtai2)v + {dtAi3) ■ Vu + (dtAi^) ■ Vv, (3.15) 
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dtz = Az + a2iy + a22Z + A23 ■ Vy + ^24 • Vz 



+ (dta2l)u + {dta22)v + (5t^23) • V-U + (9(^24) • Vv 



(3.16) 



= z = on St. 



First Step. In terms of y, we estimate an L^-norm of 2; in a subdomain of Q. Since u{x,t) 
jly{x,^)d^ aixid v{x,t) = jlz{x,^)d^ hy u{-,6) = v{-,6) =0, we rewrite (3.15) as 

B{x) ■Vz{x,t) + bi{x)z{x,t) + Wi{x,t)B{x) ■ f V z{x,^)d^ + b2{x,t) f z{x,^)d^ 

Je Je 



^ (^dty{x, t) - Ay{x, t) - aiiy{x, t) - ^13 • Vy - {dtau) y{x, i)di - {dtAi^) ■ Vy{x, ^)d^ 



= Q{y){x,t) xeuj,0<t<T. 



(3.17) 



Here we set 



,s 012(2;, t) dtai2{x,t) dtW{x,t) 



W{x,t) 



W{x,t) 



W{x,t) 



We will estimate ^; in a subdomain u' of uj by means of (3.17), and the argument is similar to 
Lemma 2.3 but we need a special weight function for treating the integral terms Vz{x,$,)d^ and 
jl z{x,£)d^. First we show 

Lemma 3.1 Let T = 26 and let (p G C^[0, T^] and let us assume that there exists a constant kq > 
such that ^{t) < -kq for t G [0,T'^]. Then 



Jo Je 



,,2sm-0r)dt<^ [ \g{t)\' 
- ASKO Jo 



^2sm-o?)dt. 



The proof is given by Klibanov and Timonov p. 78, [26]. 
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Henceforth we choose (p{t) = —t and we set (p\{t) = ip{{t — 0)^) = —{t — 9)^. Then the conclusion 
of Lemma 3.1 holds true. 



We set 



w(x,t)= z(x, t) + Wi (x, t) [ z(x, nd^, xe9.,(}<t<T. 

Je 

Then direct calculations yield 



(3.18) 



B{x) ■ Vw{x, t) = Q{y){x, t) - hz - 62 /* z{x, + {B ■ VWi) f z{x, ^d^ in cot- (3.19) 

Je Je 

Henceforth Kj > denote generic constants which are dependent on M, So in Assumption 1.1 and 

independent of s > 0. In terms of Assumption 1.1 (d), we can apply Lemma 2.3 to obtain 



/ \w{x,t)\'^e'^"^°^''^dx<Ki f |Q(y)(x,t)pe2^^"(^)da; 

Jul' Ju)' 

t)fe'^sM^)dx + Ki / / zix,^)d^ 
Jim' Jul' Je 



+ 



X 



for all large s > 0. Here and henceforth we set ipo{x) = x^ — l{x'). 



Hence by Lemma 3.1, we have 



s~ I I |u;(a;,t)pe2^('^''(^)+<^i(*))dxdt < Kl / / |Q(y)(x, ^pe^^^'^o^^^+'^iW^dxdi 

Jul' Jo Jul' 

T 



+ Kl [ [ |z(x,t)|2e2^('^°(^)+'^iW)dxdt + /«i / (/ / z{x,OdC 
Jo Jul' Jul' \Jo Je 

< 1^1 f |Q(y)(x,i)|2e2^('^°(^)+'^iW)dxdt + Ki /" |z(x,i)|2e2^('^°(^)+'^iW)dxdt 

J Ul'j, J Ul'rp 

+ ^ / |z(x,0|'e2^(^°(^)+^iW)dxdt 

S Jul'rr, 



Consequently 



Jui'j, '^'^T 

+K2 I |z(a;,i)|^e2^(^o(^)+^^W)dxdt 



(3.20) 
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for all large s > 0. On the other hand, (3.18) and Lemma 3.1 yield 

/ |z(x,t)pe2^('^o(^)+'^i(*))da;di = / w{x,t) -Wi{x,t) f z{x,t)di 
Juj'j. Jlo'j. Je 



^2s{<fio{x)+(pi{t)) ^^^^ 



< K5 



f |u;(x,i)|2e2^(^°(")+^iW)da;dt + ^ / \z{x,t)\^e^'^^°^'^^+^'^'^'^ dxdt 



for all large s > 0. Hence choosing s > sufficiently large, we have 



/ \z{x,t)\ 



/ \w{x,'t)\ 



(3.21) 



for all large s > 0. Substituting (3.21) into (3.20) and fixing s > sufficiently large, we obtain 



\w 



U2(a;^) < l^ie ^ ||y||^2,l 



Hence by (3.21) we have 



(3.22) 



Second Step. We will estimate ||V2:||i2(j^^x((5,T-(5)) where uj\ d oj and (5 > 0. For it, we use the 
interior regularity estimate for a heat equation (3.16) in z. Let us recall that p{t) = Setting 
z{x,t) = e~f^*^ z{x,t), we rewrite (3.16) as 

dtz{x, t) = Az(a;, t) - p{t)z{x, t) + 022^ + ^24 • V5 

+(5*022) [\''^^^-''^'^z{x,0dC + idtA24)- l\p^^^-P^*^Vz{x,Odi 
Je Je 

+e-''W (^a2iy + A23 ■ Vy + {dta2i) y{x, + (^^^23) • Vy{x, 0^^) • (3.23) 
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We choose subdomains uji, UJ2 of C°° class such that a;i C wi C a;2 C 0^2 C u' and choose % G C^{uj'), 
> such that 

1, X G a;i, 

0, X E uj' \ UJ2- 
Moreover we can take x satisfying 



X{x) 



< Kg X E Lj' 



(3.24) 



(e.g., p.414 in Lions [29]). Multiplying (3.23) with xz and integrating over u' x (0,T), we have 

1 r [ x{x)dt{z^)dxdt = - r [ xNzl'^dxdt- [ Vx'zVzdxdt- [ xp' it)e~^''^*^ \zf dxdt 

2 Jo Jul' Jo Ju' Jo Jul' Jo Jul' 

r I («22|^Px + ^24 • Vzxz)dxdt + r f {dta22)xz ( t e''(^)-^(*)z(a;,Odc) dxdt 
Jo Jw' Jo Jul' \Je / 

r I {dtA2A) -xzi t e''(«)-''W V5(x, ^di] dxdt 

Jo Jul' \Je J 

r I e-f^'\~z {a2iy + ^23 Vy + (a^aai) /* y{x, i)d^ + (^^^23) • /* Vy(a;, i)d^ dxdt. 
Jo Jw' \ Je Je J 



+ 



+ 



+ 



By the Cauchy-Schwarz inequality and (3.24), we have 



|Vx • zVz\ 



< oxiv5r + 



2|Vxl^ 
X 



and 



1^24 • X~zy~z\ = \VX^~Z ■ ^24^X^1 < ix|V5|^ + 2|^24pX|5'^ 



Hence, since ^(-,0) = z{-^T) = 0, 



sup \p' < 00 

o<t<r 



and p(^) — p{t) < if ^ is between and t, we have 



/ / xWz\^dxdt < 7 / / x\^z\^dxdt 
Jo Jul' 4 Jo Joji 
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+ Kio [ [ {{zl"^ + \z\'^)dxdt + Kio [ [ \z\ [ z{x,£,)di 
Jo Juj' Jo Juj' Je 



dxdt 



f-T 



Jo Juj' 

+ «io r I {\~A{\v\ + \^v\) + \~A 

Jo Juj' I 

Moreover the Cauchy-Schwarz inequality yields 

rT 



dxdt 



fy{x,Od^ + fvy{x,Od^ 
Je Je 



dxdt. 



Ju) 
T 



X\z{x,t)\ 



V~z{x,i)d^ 



dxdt 



< I J^^Vx\~z{x,t)\n ,/^)\Vz{x,0\dadxdt 



< 



1 



10 Jco' \ 8r2 

rT 



VxNz{x,0\d^ 



+ 2TWz{x,0f I dxdt 
1 



< 2T^ f f \z{x,t)fdxdt+ f f —f x\Vz{x,0\^d^dxdt 

Jo Jul' Jo Jtjj' ol Jo 

< 2T'^ [ j \z{x,t)\^dxdt + \ ( [ x\'^z{x,t)fdxdt. 

Jo Ju>' o Jo Juj' 



Hence 



10 Juj- 
rT 



x\Vz{x,t)\'^dxdt 



< Kill f {\zf + \zf)dxdt + Kii f f {\y\'^ + \Vyf)dxdt. 

Jo Juj' Jo Juj' 

Let (5 > be fixed sufficiently small. Then \Vz{x,t)\ > Ki2{S)\Vz{x,t)\ fov S < t < T - S. Since 

X = 1 in wi, we have 

fj-i ^ 

[ [ |Vz|2da;di<Ki3(<5)(||z||i2(,M + ||y||i2(o,T;j/i(c.')))- 

J 5 J uj\ 



By means of (3.22), we obtain 

Third Step. We apply Theorem 2.2 to (3.15) and (3.16) for J <zVL and {5,T - 5). We set 

Oiuj'{x) 



(3.25) 



r]{x,t) = 



{t-6){T -6-t)' 
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Using also (3.25), we obtain that there exist two positive constants sq and k such that for all s > sq, 
one has 



Js Jn 

< K15 / / \{dtau)u + {dtai2)v + (5*^13) • Vu + (^t^u) • Vv\''e-^'''dxdt 

Js Jn 

+«i5 r ' I \{dta2i)u + {dta22)v + (9*^23) • V« + (5*^24) • Vv\'')e-^'''dxdt 

Js Jn 



+Kiq{s 



W^' {ui'x(S,T-S)) 



{dtan) f y{x,i)di + {dtai2) f z{x , i)di + {dtAi^) ■ f Vy{x,i)di 
Je Je Je 

Je 



L2(a)'x{5,T-5)) 



+Kl6(s) 



{dta2i) f y{x,i)di + {dta22) f z{x , i)d£, + {dtA2z) ■ f Vy{x,Odi 
Je Je Je 

+{dtA2i)- l\z{x,Odi 
Je 



L^{uj'x{S,T-S)) 



T-S 



< K15 / /I idtau)u + {dtai2)v + (dtAi^) ■ Vu + (dtAu) ■ Vv\''e-^'''dxdt 
Js Jn 

rp ^ 

+'«15 / / \{dta2i)u + {dta22)v + (^(^23) • VS + (9*^24) • V?y|')e-2^^dxdt 
Js Jn 



+f^iQ{s)\\yt 



(3.26) 



for all large s > 0. In order to improve inequality (3.26), we use the following lemma. ([24] , 
Lemma 3.1.1 in [26]). 

Lemma 3.2 Let 9 = ^. There exists a positive constant K17 such that 

1^ ^ In i*^^^'^)"^^ '''^''''^'^^^-'^I^ ^ Jjq{x,t)\'^e-^''^dxdt 
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for s > 0. 

Proof of Lemma 3.2 The proof is similar to [24], Lemma 3.1.1 in [26]. We have 



Js Jn Je 







2 ,■ ,-r-5 




If 




e-'^'''dxdt+ / / 




Jn Js 




Jn Je 


Je 



e-'^'''dxdt. 

It is sufficient to estimate the second term because the estimation of the first term is similar. By 
the Cauchy-Schwarz inequality, we obtain 



T-5 



n Je 



e-^'^^dxdt < j^j^ \t - 0) Ol^^e) e-^'^dxdt 



<[ r 

Jn Je 



'^' dMx,t)(f\q{x,0\'d^]e-'^^dxdt. 
e 2au,'{x) \Je 



Here we used 



dtri{x, t) = 



2{t-9)a^>{x) 



Noting that a^'{x) > and dtr]{x, i) > for x G and 0<t<T — S,we have 

Lie ' {fe l^^'^'^)!''^^) ^ "'^'Inle ' {fe l^^^'^^l'^^) i.dtri{x,t))e-^'^^-''Uxdt 



T-5 / rt 



\q{x,0?dOldt{e-^'^^-'''^)dxdt. 



_ "-17 

2s JnJe 

By noting that er'^sr)(x,T-5) _ ^j^g integration by parts implies that the right hand side is equal 
to 



2s JnJe 



Thus the proof of Lemma 3.2 is completed. 
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Since u{x,t) = Jg y{x,^)d$, and v{x,t) = Jg z{x,^)d^, by a direct application of this lemma, the 
first integral on the right hand side of (3.26) can be absorbed into the left hand side. Hence 

I [-{\dty? + \dtz\^ + lAyp + |Az|2) + sp{\Vy\^ + \Vz\^) + sV(l2/|' + W)] e-^'"^ dxdt 

< .^,{s)m{U - + lie/ - f^llJ.M(,^)) 

for all large s > 0. We choose io > sufficiently small such that 5 < < 9 < T — to < T — 5, so 
that 

Jto Jq[sp J 

< ACi6(.)(||9t(C/ - U)\\l,..,^^^^ + lie/ - C/|P^2a(,^)). 

Since ^e"^^*^, pe~'^^'^ > ^oih^ s) on x [to,r — to]? we fix s > sufficiently large, so that 

II II ||2 ii~ii2 II ||2 

ll'"lli7i(to,T-to;i^2(n)) + lFlli?2(to,T-to;L2{n)) + Fllifi(to,T-to;i?2(n)) + Flli?2(to,T-to;L2(n)) 

< /^16(^)(||5t(^ - C>)I|Jk,^,1(,,) + 11^ - ^&,^.^(,,))- 
By the trace theorem, we have 

ll^t^f(-,^)lli2(Q) + I|5t^(-,^)lli2(n) + ll^(-,^)ll^2(n) + ||^;(-,^)||?^2(n) 

< ni,mdt{U - + \\U - UWl^,^^^^))- 

Since / and g satisfy (3.13) and (3.14) ai t = 0, we see that 

11^* - ^Ili2(n) + \\c - cWh^n) < <\\dt{U - U)\\l,^,r^^^^ + \\U - U\\l,^a^^^^)- 
Thus the proof of Theorem 1.2 is completed. 
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4 Removing the positivity assumption 

For the stability in our inverse problem, the non- vanishing condition Assumption 1.1 (f) is crucial 
and does not hold automatically. We are going to prove that one can realize this assumption by a 
suitable control. 



Let m G N be fixed such that 



m 

->n. 



We assume that 



a, b, c, d, A, B,C,De W^"''^''^ {U) . 



We set 



L(u, v) = L{a, b, c, d,A,B, C, D) (u, v) 
( 



( \ 

Li{u,v) 



L2{u,v) 



and 



Au + au + bv + A-Vu + B -Vv 



y Av + cu + dv + C -Vv + D-Vv j 



D{L) = (H'^{^i)nHl{^l)f . 



For h e L^{lot), let (U, V) := {U{Uo, Vo, h){; •), V{Uo, Vo, •)) satisfy 



dt{U, V) = -L{a, b, 5, d, A, B, C, D) {U, V) + {xojh, 0) in J^t, 



{U, V) = (0, 0) on Et, {U, V){; 0) = (C/q, Vq) in Q. 



(4.27) 



(4.28) 



(4.29) 



(4.30) 



By {U, V) we denote the solution to (4.30) with b, c replacing b, c. Our main result in this section 
is the following : 
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Theorem 4.1 Suppose Assumption 1.1 except for (f). Let coi be a neighbourhood of dQ such that 
Lo CiOi and let b = b and c = c in loi. Let {U,V){-,6) = {U,V){-,6). Then there exists h G L'^{u)t) 
depending on a,b,c,d, A, B,C, D, Uo,Vo andu, such that there exists a constant k > such that 

P-h\\L^in) + \\c-c\\L^iu) < Km{U-U)\\^2,^^^^^ + ||C/- (4.31) 

for arbitrary b,c,U,V satisfying Assumption 1.1 (a), (e), (h). 
The rest of this section is devoted to the proof of Theorem 4.1. 
First Step. First we prove 

Lemma 4.2 Let Assumption 1.1 except for (f) hold and let b = b, c = c in lui. Then there exists 
h G L^{ujt) such that 

\U{;e)\,\V{;0)\^O onOV^. (4.32) 

In this step, we wih give the proof of Lemma 4.2, which is based on the approximate controUabiUty 
and our Carleman estimate Theorem 2.2. 

Taking M > for a,b, c, d, A, B, C, D, and setting Ui = e-^^U and Vi = e'^V, we have 
dtUi = AUi + (a - M)Ui + bVi + A-VUi + B- VVi + e'^^^h 

and 

dtVi = AVi +cUi + {d- M)Vi + C ■ VUi + D ■ VFi. 
Consequently, by choosing M > sufficiently large, the integration by parts yields 

((L + M/)('u,t;),(n,i;))(i2(f^))2 > hi\\{u,v)\\Ihi(q.)Y, {u,v)eV{L). 
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Therefore with fear of confusion, we may denote a — M and d — M hy a and d respectively. Then 
\\iu,v)\\(^H^^n))^ < Ki\\L{u,v)\\(^L2^Q^)2, {u,v)eV{L). (4.33) 
Here and henceforth Kj > denote generic constants which depend on fl, M, \\a\\iY2m-2,oo (^q^ , 

||6||l4^2m-2,oo(n), ||c||iy2m-2,oo(n), || (i|| ^2m-2,oo (Q) , || A|| (l^2m-2,oo (Q)-)n , 1 1 5 || (^^27^-2,00 (n))n , ||C|| (^2m-2,oc , 

||D||(l^2m-2,oo(f2))"- We can prove 

Lemma 4.3 Under assumption (4-28), there exists a constant K2 > such that 
IIK«)ll(i/2-(Q))2 < i^2\\L"'iu,v)\\(^L2^n))'^, {u,v) G P(L"'). 

Proof of Lemma 4.3 The proof is done by the classical regularity property for the Dirichlet 
problem for the Poisson equation (e.g., Theorem 8.13 in Gilbarg and Trudinger [10]) and given 
here for completeness. 

We recall (4.29) and we set Q{u,v) = {Qi{u,v),Q2{u,v)), Qi{u,v) = au + bv + A-\7u + B - Vv and 
Q2{u, v) = cu + dv + C ■ Vu + D ■ Vv. Let {u, v) G T>[U^). By the elliptic regularity (e.g.. Theorem 
8.13 in [10]) in the Dirichlet problem for Au = /, we have 

Il^lk2(n) < i^i\\{-Li - Qi){u,v)\\l2^^^, 

and 

Il^^lk2(n) < ni\\{-L2 - (52)(w,?^)||i,2(n), 

so that 

||(«,i;)||(j/2(f2))2 < K2||i^(w,t;)||(L2(n))2 + K2\\{u,v)\\^H^^n)Y. 
Hence by (4.33), we have 

Il(^^,«)ll(if2(n))2 < K3||L(u,i;)||(i2(Q))2. (4.34) 
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Again the elliptic regularity yields 

||(u,w)||(ij3(Q))2 < Ki\\{Au,Av)\\(^H^n))'2 + «;i||('",'y)||(L2(Q))2 

< Ki\\{-L - Q){u,v)\\(^HHn))2 +«i||(«,t')||(L2(f2))2 

< ACi||L('u,i;)||(^fi(n))2 +Ki||(u,i;)||(;^2(Q))2. (4.35) 
On the other hand, we have L{u,v) G ^{L) and apply (4.33) to L{u,v) to have 

\\H'U',v)\\{m{n))^ < «i||-^^(^t,«)ll(L2(Q))2. 
Applying this and (4.34) to (4.35), we obtain 

\\{u,v)\\(HHn))^ < k4L^{u,v)\\(^l2^^))2. 

Repeating these arguments, we can complete the proof of Lemma 4.3. 
Moreover by [30] and [31] for example, we see: 

Lemma 4.4 The operator —L generates an analytic semigroup in (L^(ri))^. 

There are no general result on the approximate controllabilty for parabolic systems with controls 
of a restricted number of components and see e.g., [2] and [28] as related works. For controllability 
for systems, see [2] - [4], [11] - [13]. Next we will prove the approximate controllability with control 
Xuih to only one component. 

Lemma 4.5 For any e > 0, {Uo,Vo) £ (L'^i^))'^, iUi,Vi) £ (^^(0))^, and any to G (0,6), there 
exists he G L'^{ut) such that 

||C/(C/o, Vb, h){; to) - UiWmn) + \\V{Uo, Vq, h){;to) - Vih2^n) < e. 
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Proof. Consider the following reaction-diffusion-convection system : 

dtu = Au + au + bv - V ■ {Au) - V • (Bv) in fir, 

dtv = Av + cu + dv -V ■ (Cu) - V • (Dv) in Qt, 

u = v = on Er. (4.36) 

The approximate controllability is equivalent to the uniqueness: Let u,v satisfy (4.36). Then u = 
in ut implies u = v = in ^It (e.g., Zabczyk [33]). This uniqueness follows from Theorem 2.2 by 
replacing the coefficients in (2.3) suitably and verifying Assumption 1.1 (d). 

Now we will complete 

Proof of Lemma 4.2 The proof is be done in three steps. Henceforth for fixed {Uo,Vo), by 
{U,V){h) we denote {U,V){Uo,Vo,h). 
Existence of a control in L'^{ut) 

Let us arbitrarily fix (f/i, Vi) G (i/^™+^(r2))^ satisfying |c7i|, |Vi| 7^ on n\ui. Then for any £ > 
and any Ti G (0,^), there exists G L?{uti) such that 

||(c7,y)(/i,)(-,Ti)-(c/i,yi)||(i2(n))2 <£. (4.37) 



A more regular control 

By the density of C°°(a;Ti) in L'^{ojti), <^ > 0, there exists h^^s € C°°{u!Ti) such that 

\\he - h,4L2^^^^) < 5. (4.38) 
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Therefore 



\\{U,V){h,){;T,)-{U,V){h,,s){;T,)\\^LHn)r 



Jo 



(L2(n))2 



Use of the time regularizing effect 
By (4.37) and (4.38), we obtain 



\\{U,V){h,,s){;Ti) - (t/i,Fi)||(i2(n))2 < e + k^S. 



(4.39) 



Since —L generates an analytic semigroup in {L^{Q)f, by e.g., [30], [31], we see that 



e-i(^-T.)L^U,V){h,,s){;Ti) e D{L- 



and 



|i'"[e-(^-^i)^(?7,y)(/i,,5)(-,ri) - e-(^-^i)^(C/i, Vi^ 



l(L2(0))2 



< Ke{e -T,)-^\\{U,V){h,,s){;Ti) - (C/i,Fi)||(i2(n))2 < Ke{e - T,)-^{e + k^S). 
Extending h^^si'^t) = for f > Ti, we have 



-{e-Ti)L 



{U,V){h,,s){;Ti) = {U,V){h,,s){;0), 



and so 



|L-[(C7, V){h,,s){;0) - e-(^-^i)^(c7i, Vi)]||(L2(n))2 < i^eiO - Ti)— (e + K,d). (4.40) 



Moreover as {Ui,Vi) € D(L'"+^), we have 



< Kg 



< i^e{0 -T,)\\L^+\UuVi)\\^LHn)y. 



< H6 



(L2(Q))2 



Jo 



(L2(f2))2 
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In terms of (4.40), we obtain 

\\L"'[{U,V){h,,s){;0) - (C/i,Fi)]||(L2(^))2 < Ke{e - Ti)— (e + k^S) 

+Ke{e -T,)\\L^+\U,,Vi)\\^LHn)r- (4.41) 
For any £i > and {Ui,Vi) G L»(L'"+^), we choose Ti G (0,6') such that 

K6(0-ri)||L-+i(c/i,yi)||(^.(„)). <|. 

Then, with this Ti, we choose e > such that 

K6(^-Ti)-™e<|. 
Finally with this h^, we choose 6 > sufficiently small such that 

Therefore (4.41) yields 

\\L"'[{U,V){h,,s){;0) - iUi,Vi)]h^nr < ^i- (4-42) 

In terms of Lemma 4.3 and (4.27), by choosing e > sufficiently small for infj-gnVi |f^i(3^)l ^^'^ 
infj-gfj^j^^ |Vi(2^)|) the proof of Lemma 4.2 is completed. 

Second Step We will complete the proof of Theorem 4.1. Let h G L^{ujt) be chosen in Lemma 
4.2. We set 

u = U-U, v = V-V. 

Then {u,v) satisfies 

dtu = Au + au + bv + A ■ Vu + B ■ Vv + fV, 
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dtv = Av + cu + dv + C ■ Vu + D ■ Vv + gU in Qt, 

u = v = on Er, (4.43) 

where 

f = b-b, g = c-c. 

We consider the time derivative of system (4.43). Setting y = dtu and z = dtv, we obtain 
dty = Ay + a{x)y + b{x)z + A-Vy + B ■Vz + fdtV in J^t, 
dtz = Az + c{x)y + d{x)z + C • Vy + -D • Vz + gdtU in fir, 

y = 2 = on St. (4.44) 

Applying the Carleman estimate Theorem 2.2 to system (4.43) and using / = in wi, we have 

/ {sp)-^e-'''^-{\dty\^ + \dtz\^ + |Ay|2 + \Az\^ 

+ispf\Vy\^ + ispf\Vz\^ + isp)^\yf + isp)^\zf)dxdt 
< ^7is)b^y^^,. e-'^^-{\fdtV\' + \gdtU\')dxdt. (4.45) 

Furthermore, for large s > 0, we can prove that 

/ |/(a;)|V2^''-(^'*)da;dt <o(l) / |/(x)|2e-2^''"(^''^)da; as s ^ oo. (4.46) 

In fact, we can prove similarly to [15]. Recall that T = 20. Setting (.{t) = t{T — t), by (2.4) we 
have ^^^(x, e) = 0,xen and 

and 
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Therefore 



with a positive constant k% and 



dH-riu 



-{x,t)>o, o<t<e,xen, 
^-{x,t)<o, e<t<T,xen. 



Consequently by the mean value theorem, we can take ti such that ti is between t and 9 and 
Hence, noting that ks > and —j^^^ < we obtain 

The Lebesgue theorem yields . 

We have 
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Jo. at Jo 

= I [\2saUx)p{t)\T - 2t){\y{x,t)\^ + \z{x,t)\^) + 2{ydty + zdtz)}e-^'^-^-''Utdx 
Jn Jo 

< K,o [ {ispfi\yix,t)\^ + \zix,t)\^) + {sp)-\\dtyix,t)\^ + \dtzix,t)\')}e-'''^-^''''Utdx. 



At the last inequality, we used 

\ydty\ = \{sp)''^dty{sp)^y\ 
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< \{sp)-'\dty? + \{sp)\y\^ < \{sp)-'\dty\^ + K',,{spf\y\\ 
Hence, by (4.45) and (4.46), noting that / = 5 = in wi, we have 

/ (|y(x,e)p + |z(x,^)|2)e-2^^-(-'^)dx < K,{s)\\yf^,,, +o{l) [ {\fix)f + \9{x)f)e-'^^-^^''Ux 

(4.47) 

for all large s > 0. 

On the other hand, since u{-,0) = v{-,9) = 0, we have y{x,9) = f{x)V{x,9) and z{x,6) = 
g{x)U{x,6) for a; G O. Therefore, by (4.32) and (4.47) we obtain 

/^ii / (|/(a:)|2 + |5(a:)|2)e-2^^-(-'^)da;<«:v(5)||y||J^..i. .+o(l) / {\f{x)\' + \g{x)\')e-'^^-(^''^dx 
JQ, 2 \ i I Ju\uji 

as s — ^ 00. Taking s > large and fixing, we absorb the second term on the right hand side into 
the left hand side and the proof of Theorem 4.1 is completed. 

5 Some generalization and comments 
5.1 Identification of all the coefficients 

Indeed we can determine all the coefficients of (1.1). For it, we need repeats of measurements by 
choosing suitable interior controls. We choose m G N such that 

n 1 
4 + 2- 

We recall that ([/, F) = (C/(/i)(-, •), ■t^(/i)(-> O) satisfies (4.29) and that (C/, F) = {U{h){-,-),V{h) {■,■)) 
satisfies (4.29) where a,b,c,d,A,B,C,D are replaced by a,b,c,d,A,B,C,D respectively. Then, 
with m > f + 5, under assumption (4.28) we can prove (4.42). Moreover, noting that H'^"^{Q,) C 
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C^{Q) by m > f + 5, we can see that for any £ > and {Ui,Vi) e {Hq'^'^^ (Q))^ , there exists 

h G L'^{ijOt) such that 

\\{u{h),v{h)){;e) - {Ui,v^\cm? ^ ^- ^^■^^) 

Therefore 

Theorem 5.1 Letuj, a, a, b, b, c, c, d, d, A, A, B, B, C, C, D, D satisfy Assumption 1.1 and d, b, c, d, A, B,C,D G 
W'^^''^{Q). Letui he a neighbourhood of such that uj d ui and let the coefficients {a, b,c,d, A, B,C,D) 
and {d,b,c,d,A,B,C,D) coincide inuji. Then there exist /ii, /i2, /i2n+2 £ L?'{ojt) such that 



U{hi) V{hi) VU{hi) VV{hi) 

U{h-C) V{hx) VU{hx) VV{h]) 

U{h2) V{h2) VC/(/i2) VV{h2) 

U{h2) V{h2) VU{h2) VF(/i2) 

U{h2n+2) V{h2n+2) VC7(/l2n+2) VF(/l2n+2) 

^ U{h2n+2) V{h2n+2) Vf/(/l2„+2) Vy(/l2„+2) j 

7^0 xefl\u[, t = e (5.49) 



and we choose a constant k> depending on M,m,j,s,^,LO,T and hi, ...,/i2n+2 such that 
ll« - a||L2(n) + \\b - Hl^q) + l|c - c\\L^n) + \\d - dW^i^Q-^ 

+ 11^ ~ ^ll(L2(n))" + ll-B - 5||(L2(Q))n + ||C - C||(i2(Q))n + - L'||(i2(n))n 

for all (a, b, c, d, A, B, C, D) satisfying Assumption 1.1. 
Example for Theorem 5.1: 
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Let n = 1 and let Pi,P2,Qi,<l2,<l3 be constants such that piq2 — P2Q1 7^ and P3{xi), q4{xi) satisfy 



{diP2){xi) 7^ and 9i(?4(xi) 7^ for xi G and let ^3 be an arbitrarily smooth function. 



Then ior x = xi E Cl\uji, we can verify that 

^ Pi Qi dipi diQi ^ 

pi gi d\p\ d\qi 

P2 q2 dip2 diq2 

P2 q2 9ip2 '9ig2 



P4 54 (9ij54 5ig4 
y P4 q4 5ip4 ^194 J 
Therefore in (5.48), we can choose {Ui, Vi) = {Pj, qj), 1 < j < 4 to construct hi,h2,h^, satisfying 
(5.49). 



5.2 Ceirleman estimate for a 3 x 3 react ion- diffusion system with one observation 



We consider now a 3 x 3 reaction-diffusion system 



dtu{x, t) = Au{x, t) + aii{x, t)u{x, t) + ai2{x, t)v{x, t) + 013(0;, t)w{x, t) + f{x, t) in Qt, 



dtv{x,t) = Av{x,t) + a2i{x,t)u{x,t) + a22{x,t)v{x,t) + a23ix,t)w{x,t) + g{x,t) in CIt, 
dtw{x, t) = Aw{x, t) + 031 (x, t)u{x, t) + 032 (x, t)v{x, t) + 033 (x, t)w{x, t) + h{x, t) in ^It, 



u = V = w = on T,T- 



(5.50) 



We will assume 



Assumption 5.2 
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(a) (ajj-)jj=i,3 e W'^^°°{nT), \\aij\\w2,oo^Q^) < M. 

(b) oj of class C^, dojCidO, = J and I7I / 0. 

(c) (Vai2 - fif Vai3) • 7^0 on7x(0,r). 



0,13 

^3,00/ 



(d) ai2,ai3 G l^'^'°°(a;r), ||ai2||iy3,oo(^y), ||oi3||^3,oo(^^) < M. 

(e) ai3 ^ on D,t- 

We show a Carleman estimate with extra data of one component. 

Theorem 5.3 Under Assumption 5.2, there exist a^, G C^(ri) with a^^ > on and a constant 
sq > which depends on T, M,il,uj,T and the L°°(p,) -norms of aij, 1 < i^j < 3 such that we can 

choose positive constants ki(s) and k satisfying: 

[ {spr^e-^'"^" {\dtu\^ + \dtv\^ + \dtw\'^ + \Au\^ + \Av\^ + \Aw\^ 
Jcit 

+{spf\Vu\^ + {spf\Vv\^ + {spf\Vw\^ + (sp)V + {sp)\^ + {sp)W)dxdt 

+1^ I + bl^ + \h\'^)e-'^''^" dxdt 

for all s > Sq and {u,v,w) satisfying (5.50). Here we set 

ojx) 



riw{x,t) 



t{T-ty 



Proof Setting z = a^v + aisw, we rewrite (5.50) as 

dfU = Au + aiiu + z + f in Ut, 
dtz = Az + A-Vz + az + eu + B -Vv + bv + G in ^t, 
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where 



dtv = Av + a2iu + dv + cz + g in Qt, 

u = V = z = on St, (5.51) 



A = -2^, B = -2Vai2 + 2^Vai3, 

ai3 ai3 

„|Vai3p ai2a23 + dtai3 - Aai3 

a = 2 2 1- «33 H , 

afs ai3 

6 = ai2a22 + 013032 + 5tai2 — Aau + 2Vai3 • V ( — 

\ai3 

- — (012023 + 013033 + dtai3 - Aai3), 

013 

O23 7 012023 

c= , d = a22 , e = 021O12 + 031O13 

013 013 



and 



G = 0125 + 013/i. 



By [9], [14] and the proof of Theorem 2.2, we see that there exist a subdomain lo' C u and 
e C'^{U) with > on n such that 



/ (sp)-ie-2-^-' (l^tup + \dtzf + I Ati|2 + I Azp 

+{spf\Vu\'^ + (sp)V^P + {sp)'^u'^ + {spfz'^)dxdt 
<K2/ (z2 + |eu|2)e-2^''-'dxdt + K2 / if + G'^)e-^'^-'dxdt 
+K2 [ \B-Vb + hv\^e-^'^-'dxdt + K2 [ {sp)~\u^ + z^)e-^'^-' dxdt (5.52) 



and 



/ (s/9)-ie-2-^-' (l^tzp + \dtv\'' + I A^p + I A^ 

JQ.T 

+{spf\Vz\^ + {spf\Vv\^ + {spfz'^ + {spfv'^)dxdt 
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<'^3is)i\\z\\'L2.i.,. + \\eu + G\\l2(^,)) + K2 / {\eu + Gf + \a21u + gf)e-^'^^' dxdt (5.53) 

for all s > So, where we set f}u,'{x,t) = ^r^. Here (5.52) is obtained by applying the Carleman 
estimate in [9] or [14] to the first and the second equations in (5.51), while (5.53) is seen by applying 
Theorem 2.2 to the second and the third equations in (5.51) and noting Assumption 5.2 (c). We 
further notice that the weight function f]^^i can be taken the same, which can be seen from the proof 
of Theorem 2.2. By (5.52) and (5.53), in terms of Assumption 5.2 (a), (d) and (e), we have 

/ {sp)-^e-^'^^' (|5tn|2 + Idtzf + Idtvf + I Anp + | A^p + \Av\'' 

+{spf\Vu\^ + (sp)2|Vz|2 + {spf\Vv\^ + {spfu^ + {spfz^ + {spfv^)dxdt 
<K2 [ {z^ + u^ + v'^ + \VvS^)er'^^^'-'dxdt + K2 [ {f + 5^ + h^)e-'^'^-' dxdt 

+ '^3(s)(|k||^2,l(^^) + ||u||i2(^/,) + ||5||i2(^/,) + ||/l||i2(^/,)) (5.54) 

for all large s > 0. We can absorb the first terms on the right hand side into the left hand side by 
choosing s > large, and we use z = dfU — Au — anu — / by the first equation in (5.51), so that 
the proof of Theorem 5.3 is completed. 

The approximate controllability is a direct consequence of Theorem 5.3. That is, we consider 

dfU = Au + aii{x)u + a2i{x)v + a3i{x)w + Xujf in ^^r, 

dfV = Av + ai2{x)u + a22{x)v + 032(0;)^; in J^t, 

dtw = Aw + ai3{x)u + a23{x)v + a3six)w in Qt, 
u = V = w = on T,T, 

u{-,0)=uo, v{-,0)=vo, w{-,0)=wo in Q. (5.55) 
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Here we assume that all the coefficients are independent of t. 
Then 

Theorem 5.4 Under Assumption 5.2, for all £ > 0, T > 0, {uo,vo,wo) G {L^{Q))^ and {ui,vi,wi) G 
(L^(0))^, there exists f G L^(a;r) such that the corresponding solution of (5.55) satisfies 

\\{u,v,w){-,T) - ('Ui,ui,u;i)||(L2(f2))3 < £■ 

Similarly to section 4, we can apply the Carleman estimate of Theorem 5.3 for determining the 
nine coefficients aij, 1 < i,j < 3 by suitably repeated observations of only one component u and 
we will here omit further details. 
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